In the first paper of this series, a comprehensive approach has been provided for the study of S-type and P-type habitable regions in stellar binary systems, which was, however, restricted to circular orbits of the stellar components. Fortunately, a modest modification of the method also allows for the consideration of elliptical orbits, which of course entails a much broader range of applicability. This augmented method is presented here, and numerous applications are conveyed. In alignment with Paper I, the selected approach considers a variety of aspects, which comprise the consideration of a joint constraint including orbital stability and a habitable region for a possible system planet through the stellar radiative energy fluxes ("radiative habitable zone"; RHZ). The devised method is based on a combined formalism for the assessment of both S-type and P-type habitability; in particular, mathematical criteria are deduced for which kinds of systems S-type and P-type habitable zones are realized. If the RHZs are truncated by the additional constraint of orbital stability, the notation of ST-type and PT-type habitability applies. In comparison to the circular case, it is found that in systems of higher eccentricity, the range of the RHZs is significantly reduced. Moreover, for a considerable number of models, the orbital stability constraint also reduces the range of S-type and P-type habitability. Nonetheless, S-, P-, ST-, and PT-type habitability is identified for a considerable set of system parameters. The method as presented is utilized for BinHab, an online code available at The University of Texas at Arlington.
INTRODUCTION
A major task situated at the crossroad of stellar astrophysics, also encompassing orbital stability studies and astrobiology, is the identification of habitable zones (HZs) of stars, including binaries and multi-stellar systems. Recent studies for those systems have been given by, e.g., Eggl et al. (2012) , Kaltenegger & Haghighipour (2013a,b) , Kane & Hinkel (2013) , Kane et al. (2014) , Cuntz (2014) , Jaime et al. (2014) , and Cuntz & Bruntz (2014) . The fact that planets are able to exist in binary systems has been pointed out in numerous observational investigations and surveys, including Patience et al. (2002) , Eggenberger et al. (2004) ; Eggenberger & Udry (2007) , Raghavan et al. (2006 Raghavan et al. ( , 2010 , and Roell et al. (2012) .
Earlier work also targeted planet formation in binary systems, including terrestrial planets, as summarized by Kley & Nelson (2012) . That work contains a thorough review of our current understanding of disk-planet interactions, including prevalent processes of planet growth within gaseous protoplanetary disks, as well as the exchange of angular momentum between planets and the disk and planet migration. Important results have also been provided by the Kepler mission, which include the detection of planets in stellar binary systems. Examples include Kepler-16 (Slawson et al. 2011; Doyle et al. 2011) , and Kepler-47 (Orosz et al. 2012) . Kepler-16b constitutes the first circumbinary planet (P-type orbit), which means that it orbits both binary components. Theoretical simulations on the habitability of possible Earth-mass planets and moons in that system have been given by Quarles et al. (2012) . Kelper-47, on the other hand, is host to at least three planets in orbit around both stars.
A previous study focused on S-type and P-type habitable zones in binary systems has been given by Cuntz (2014) , henceforth called Paper I. The focus of this work was the study of habitable regions for systems with the stellar components in circular orbits, a limitation that will be overcome in the present work. Observationally, it is found that the stars residing in binary systems are almost always in elliptical orbits, with some systems exhibiting fairly high eccentricities; see, e.g., Roell et al. (2012) and references therein. Examples include γ Cep A (e b = 0.41), HD 196885 A (e b = 0.42), and HD 126614 A (e b ≤ 0.6). In these systems, the planet is orbiting one of the stellar components (S-type orbit), with the other stellar component acting as a perturbator. Also, there is high diversity regarding stellar component combinations. For the cases discussed by Roell et al. (2012) (see their Table 2 ), the primaries span between spectral types F, G, and K, whereas the secondaries are mostly M-type dwarfs.
Akin to the previous work of Paper I, numerous aspects have been taken into account, including: (1) the consideration of a joint constraint including orbital stability and a habitable region for a possible system planet through the stellar radiative energy fluxes ("radiative habitable zone"; RHZ); (2) the treatment of conservative, general and extended zones of habitability for the various systems as defined for the Solar System and beyond (see Section 2.1); (3) the provision of a combined formalism for the assessment of both S-type and P-type habitability; in particular, mathematical criteria are presented for which kind of system S-type and P-type habitability is realized. Specifically, an algebraic formalism for the assessment of both S-type and P-type habitability is employed based on a fourth order polynomial. Thus, an a prior specification for the presence or absence of S-type or P-type RHZs is neither necessary nor possible, as those are determined by the adopted mathematical formalism.
In principle, five different cases of habitability are identified, which are: S-type and P-type habitability provided by the full extent of the RHZs; habitability, where the RHZs are truncated by the additional constraint of planetary orbital stability (referred to as STand PT-type, respectively); and cases of no habitability at all. On the other hand, Paper I solely focused on circular binary systems. Fortunately, a modest modification of the method forwarded by Paper I allows for the consideration of elliptical orbits, which provide a much broader range of applicability, including detailed comparisons with observations as well as a large realm of theoretical studies. Emphasis is placed again on the detailed calculations of the RHZs and the orbital stability criterion for theoretical planets, which again will utilize the previous work by Holman & Wiegert (1999) , thereafter HW99.
Paper II is structured as follows: In Section 2, we describe the theoretical approach, particularly the adopted modifications to the circular case as studied in Paper I, which concern both the computation of the RHZs and the planetary orbital stability limits. In Section 3, we provide various case studies regarding S-, ST-, P-, and PT-type habitability. Special emphasis is placed on the width of stellar habitable zones as function of the binary eccentricity as well as the domains of the conservative and general zones of habitability for different sets of system parameters. Our summary and conclusions are given in Section 4.
THEORETICAL APPROACH

Calculation of the RHZs
In the following, we summarize the information needed for the calculations of the RHZs in binary systems regarding both S-type and P-type orbits. This effort deals with the requirement of providing a habitable region for a system planet based on the radiative energy fluxes of the stellar components. The requirement of orbital stability will be disregarded for now; it will be discussed in Section 2.2. The adopted approach is fairly similar to that of Paper I, which focused on binary systems in circular orbits. Akin to Paper I, we focus on theoretical main-sequence stars (see Table 1 ). A flow diagram of the code, named BinHab, also described by Cuntz & Bruntz (2014) , is given as Figure 1 . BinHab is an analytic code, and it is based on the same equations and assumptions given in Paper I and II.
The key equations of the adopted method read as follows. For a star of luminosity L i (in units of solar luminosity L ⊙ ), the distance d i of the habitability limit s ℓ as identified for the Sun (see Paper I and references therein), constituting either an inner or outer limit of a stellar habitable region (except for ℓ = 3; see Table 2 ), is given as
Here S rel,iℓ = S rel,iℓ (T eff ) describes the stellar flux in units of the solar constant, which is a function of the stellar effective temperature T eff (e.g., Kasting et al. 1993, and subsequent work) . The values for S rel,iℓ are calculated following the formalism of Selsis et al. (2007) ; see Paper I for additional information.
In the solar case, it is found that the conservative habitable zone (CHZ) extends between 0.95 and 1.37 AU (i.e., ℓ = 2 and 4, respectively), and the general habitable zone (GHZ) extends between 0.84 and 1.67 AU (i.e., ℓ = 1 and 5, respectively)
1 . Following Underwood et al. (2003) and references therein, the inner limit of the CHZ is defined by water loss, occurring when the atmosphere is warm enough to build a stratosphere where water is gradually lost by photodissociation and subsequent hydrogen loss to space. The outer limit of the CHZ is defined by first carbon dioxide condensation. Moreover, the GHZ is defined by the domain between the runaway greenhouse effect (inner limit) and the maximum greenhouse effect (outer limit). The extreme case of the extended habitable zone (EHZ), attained through excessive planetary global greenhouse processes, is in the solar case assumed to extend up to 2.40 AU (Forget & Pierrehumbert 1997; Mischna et al. 2000) , i.e., ℓ = 6. Furthermore, ℓ = 3 is used for identifying Earth-equivalent positions, as done in Paper I.
In case of a binary system with planetary distances d i , limits of habitability associated 1 Recent studies indicate that setting those limits is a more complex process than adopted by Kasting et al. (1993) as they depend on, e.g., particulars of the planetary atmosphere (as manifested through detailed 3-D modeling), geodynamics, rotation rate, and mass; see, e.g., Von Bloh et al. (2009 ), Seager (2013 , Leconte et al. (2013) , Zsom et al. (2013) , Kopparapu et al. (2013 , 2014 ), and Yang et al. (2014 , for details. Updated limits can thus be considered through interpolation between the results obtained for the inner / outer limits of the CHZ and GHZ. Alternatively, updates in the limits for the CHZ and GHZ can be considered through appropriate choices for s ℓ (see Table 2 ), as anticipated in the forthcoming version of BinHab.
-5 -with s ℓ are obtained through solving
It is found that
Here a ≡ a b denotes the semi-distance of the binary components (or a modified value of it, see below, with a b being used if the original denotation applies), z the distance of a position at the habitability limit contour, also referred to as radiative habitable limit (RHL), and ϕ the associated angle; see Figure 2 for information on the coordinate set-up for both S-type and P-type orbits. It is also assumed that L 1 ≥ L 2 without loss of generality. Following Paper I, we again introduce the concept of recast stellar luminosity L
Finally, following algebraic transformations, the equation for z(ϕ) is obtained as
with
As discussed in Paper I, Equation (5) constitutes a fourth-order algebraic equation that is known to possess four possible solutions (Bronshtein & Semendyayev 1997) , although some (or all) of them may constitute unphysical solutions, i.e., z(ϕ) having a complex or imaginary value. The solutions of this polynomial allow to define the inner and outer limits of the RHZs based on the system parameters. Equation (5) is solved using the adopted coordinate system, which in essence constitutes a polar coordinate system, except that negative values for z are permitted; in this case the position of z is found on the opposite side of angle ϕ. This approach allows to identify the various cases for the existence of solutions for z(ϕ) in regard to S-type and P-type habitable regions.
It is noteworthy that heretofore the method of solution as presented is identical to that for binary components in circular orbits. Thus, the decisive question arises as to how the RHZs for binary components in elliptical orbits can adequately be addressed. In this regard, the underlying assumption of this study needs to be taken into account, which is that any system planet deemed potentially habitable needs to be located within the system's RHZ at all times. This standard needs to be applied regardless of the (time-dependent) separation of the binary components, i.e., whether the system components are in a periastron a per , apastron a ap , or any intermediate position.
Algebraically, it is found that for P-type orbits, the extrema RHZ in and RHZ out are given as
whereas for S-type orbits, the extrema RHZ in and RHZ out are given as
respectively, noting that R(z, α) and R(z, ϕ) describe the areas bordered by the RHLs defined by s ℓ,in and s ℓ,out (see Paper I). The calculation of the extrema is applied to the angles α (S-type systems) and ϕ (P-type systems) for the intervals 0 ≤ α ≤ π and 0 ≤ ϕ ≤ π/2, respectively. For P-type systems, the coordinate information is provided by Figure 2 . Note that for S-type systems, the angle's fix point is at the stellar primary S1.
The necessity for the choices a = a per or a = a ap is illustrated by the following instructive examples (conveyed in high precision for tutorial reasons), which refer to equal-mass binary systems with M 1 = M 2 = M ⊙ for an eccentricity of e b = 0.30 (see Figure 3) , and with the RHLs inspected for the GHZ. As a first case, we consider a system assuming a major axis of 2a b = 1.0 AU; in this case, the RHZ is given as P-type. At the periastron position for the system components, the inner and outer limits for the RHLs are given as 1.436 and 2.567 AU, respectively. However, at the system's apastron position, the inner and outer limits for the RHLs are given as 1.663 and 2.508 AU, respectively. Intermediate values for the inner and outer limits of the RHLs are obtained for other positions of the system, as expected. Therefore, the most stringent inner and outer limits for the overall RHZ annulus are identified as 1.663 and 2.508 AU, which are the values for the system's apastron position.
As a second case, we study a system with a major axis of 2a b = 20.0 AU; in this case, the RHZ is given as S-type (see Figure 4) . At the system's periastron position, the inner and outer limits for the RHLs concerning the GHZ are identified as 0.9300 and 1.8443 AU, respectively. Furthermore, at the system's apastron position, the inner and outer limits for the RHLs are identified as 0.9283 and 1.8359 AU, respectively, with intermediate values for the inner and outer limits of the RHLs obtained for other positions. Thus, the most stringent inner and outer limits for the overall RHZ annulus are identified as 0.9300 and 1.8359 AU. In this case, the relevant value for the inner RHL is given by the system's periastron position, whereas relevant value for outer RHL is given by the system's apastron position. Note that the same kind of behavior is identified for other sets of system parameters, such as stellar masses (including binary systems of unequal masses), major axes 2a b , and eccentricities e b . It also holds for the different types of HZs, i.e., CHZs, GHZs, and EHZs.
Consequently, the most stringent positioning for the inner and outer limits of the RHZs, taking into account all possible separations of the binary components, including the periastron and apastron positions, must be taken into account. This implies that both for S-type and P-type habitability, for any inner RHL, the outermost position must be selected, whereas for any outer RHL, the innermost position must be selected to define the annuli for the RHZs. Based on detailed analyses, exemplified by Figure 3 and 4, as well as results given in Section 3, encompassing both equal-mass and nonequal-mass binary systems, it is found that for S-type RHZs, regarding inner RHLs, the periastron stellar positions need to be chosen, i.e., a b (1 − e b ), whereas regarding outer RHLs, the apastron stellar positions need to be chosen, i.e., a b (1 + e b ). However, for P-type RHZs, both regarding the inner and outer RHLs, the apastron positions need to be chosen throughout (see Table 2 ).
Thus, in terms of the derivations obtained in Paper I, all equations still hold, except that a needs to be replaced by a →ã SP,ℓ , whereã SP,ℓ must be set as either a b (1 − e b ) or a b (1+e b ), depending on the selection of ℓ and whether S-type or P-type RHZs are considered (see Table 2 ). Hence, the entire previously given mathematical evaluations, including the transformations for general binary systems represented through a fourth-order polynomial, continue to hold as virtually all equations 2 and analyses are distinctly separate for inner and outer RHLs; this feature applies to both equal-mass and non-equal mass binary systems.
One decisive connection between inner and outer RHLs is given by the requirement that for a P-type habitable region, the inner RHL s ℓ,in must be located completely inside the outer RHL s ℓ,out for the corresponding RHZ to exist, i.e., Min R z, ϕ
where R z, ϕ denotes the domain bordered by the respective RHLs. As noted in Paper I, this condition is, however, violated in some models, especially for relatively large values of a, as well as relatively small ratios of L ′ 2ℓ /L ′ 1ℓ . In this case, the RHZ for (s ℓ,in , s ℓ,out ) is nullified, a behavior that may occur for the pairings (s 2 , s 4 ), (s 1 , s 5 ), and (s 1 , s 6 ), corresponding to the CHZ, GHZ, and EHZ, respectively.
The Planetary Orbital Stability Constraint
As noted in previous investigations, habitability in multi-stellar systems (including binaries) requires-among other aspects-planetary orbital stability. In earlier work, Dvorak (1986) identified upper and lower bounds of planetary orbital stability considering the orbital elements, semimajor axis and eccentricity of the adopted binary stars. Within the last thirty years, a large body of additional studies has been performed encompassing both numerical and analytical work. Recent examples for the restricted three-body problem, but also containing assessments about general cases, have been given by Musielak & Quarles (2014) . Previously, HW99 derived fitting formulae of orbital stability limits for both S-type and P-type planets in binary systems given as
and
respectively.
These equations communicate the critical semimajor axis a cr in units of the semimajor axis a in the cases of S-type and P-type orbits. For S-type orbits, the ratio a cr /a b , see Equation (10), conveys the upper limit of planetary orbital stability, whereas for P-type orbits, the ratio a cr /a b , see Equation (11), conveys the lower limit of planetary orbital stability. Here µ denotes the stellar mass ratio, given as µ = M 2 /(M 1 + M 2 ), where M 1 and M 2 describe the two masses of the binary components with M 2 ≤ M 1 . The above given equations also include the parameter functions F S (µ, e b ) and F P (µ, e b ), which depend on the mass ratio µ and the eccentricity of the stellar binary, e b , and are non-zero for elliptical binary systems 3 .
Following HW99, F S and F P are given as
respectively (see Table 3 for details). Equations (12) and (13) constitute second-order polynomial fits on results of orbital stability simulations by HW99 and previous work. The underlying studies explore the survival times of theoretical planets, treated as test particles, in various binary systems. Furthermore, based on HW99's work, the Equations (10) to (13) are invalid for eccentricities beyond 0.8. Therefore, we limit the scope of the present study to binary systems with eccentricities in the range of 0.0 ≤ e b ≤ 0.80.
General Impact of the Binary System Eccentricity
Next we highlight the general impact of the eccentricity of a binary system on the different types of habitable regions through exemplifying the effects of eccentricity on systems through two cases, which are: a case of high eccentricity (i.e., e b = 0.5) and the circular case (i.e., e b = 0). First, we consider the impact of the binary system eccentricity on the RHZs. Examples are given in Figure 5 , which depicts systems of stellar masses of M 1 = M 2 = M ⊙ , as well as of M 1 = 1.5 M ⊙ and M 2 = 0.5 M ⊙ , taking the GHZ as test cases. (The aspect that nonequal-mass binary systems compared to equal-mass binary systems, with M 1 + M 2 kept constant, have largely reduced RHZs, albeit L 1 + L 2 of the nonequal-mass system is notably higher due to the mass-luminosity relationship, has been one of the main foci of Paper I.) The major axis is assumed as 2a b = 1.0 AU; furthermore, we consider binary eccentricities of e b = 0.0 and 0.5. In case of equal masses and e b = 0.0 the inner and outer RHLs are given as 1.54 and 2.54 AU, respectively. For e b = 0.5, however, the inner and outer RHLs are given as 1.75 and 2.11 AU, respectively. Thus, if e b is increased, the inner RHL moves outward, whereas the outer RHL moves inward. Therefore, the total width of the RHZ is reduced from 1.0 AU to 0.36 AU.
An even more dramatic reduction of the RHZ occurs for unequal mass systems. Taking M 1 = 1.5 M ⊙ and M 2 = 0.5 M ⊙ as an example, it is found that for e b = 0, the inner and outer RHLs are given as 2.16 and 2.66 AU, respectively. For e b = 0.5, the inner and outer RHLs are given as 2.41 and 2.45 AU, respectively. In this case, the RHZ is virtually nonexistent; its width has been reduced by 91% relative to the circular case, whereas in the equal-mass system previously discussed, the reduction is "only" 64%. Note that reductions in the RHZs also occur for S-type habitable regions. However, for those models, the effects of increased values for e b are very small, or minuscule, as verified by numerous case studies (see Section 3.3). For the above-given examples of M 1 and M 2 with 2a b = 20 AU, the RHZs are marginally reduced both for the equal and non-equal mass system, noting that the reduction relative to the circular case are given as 0.8% and 0.04%, respectively.
Another important aspect concerns the influence of e b on the orbital stability behavior of possible planets. Generally, it is found that if e b is increased, the domain of stability is reduced both for S-type and P-type orbits. If e b is larger than zero, the orbital stability limit for P-type orbits (which constitutes a lower limit) is positioned further outward, whereas for S-type orbits, the orbital stability limit (which constitutes an upper limit) is positioned further inward. Evidently, both types of behavior affect the domains of planetary orbital stability in an adverse manner. To showcase this type of behavior, we evaluated both F P and F S for different values of e b , given as 0.0, 0.3, and 0.5. For µ = 0.25, F P is identified as 2.31, 3.35, and 3.85, respectively, corresponding to an increase by a factor of 1.67. For µ = 0.50, F P is identified as 2.39, 3.18, and 3.60, respectively, corresponding to an increase by a factor of 1.5. It is found that the orbital stability limit moves outward if e b is increased, thus reducing the width of the RHZ (if any) compatible with planetary orbital stability. For S-type habitability, the following results are found. For µ = 0.25, F S is obtained as 0.369, 0.233, and 0.152, and for µ = 0.50, F S is obtained as 0.274, 0.177, and 0.118, respectively, for the sequence of e b = 0.0, 0.3, and 0.5 (see above). Hence, for µ = 0.25 and 0.50, F S is reduced by a factor of about 2.4 if e b is raised from 0.0 to 0.5. As for S-type orbits, the planetary orbital stability limit constitutes an upper limit, which is found to be placed further inward for systems of higher binary eccentricity; thus, the width of the RHZ (if any) compatible with planetary orbital stability is reduced as well.
In summary, increased values of eccentricity in binary systems entail an adverse impact both regarding P-type and S-type habitability, due to their influence both on the widths of the RHZs (if any) and on the domains of stability for possible circumbinary or circumstellar planets.
RESULTS AND DISCUSSION
Examples of S-, ST-, P-, and PT-type Habitability Solution Domains
In the following, we study examples of S-, ST-, P-, and PT-type habitability aimed at highlighting the impact of binary eccentricity. Our study comprises an equal-mass system of Figure 6 ) and a nonequalmass system of M 1 = 1.25 M ⊙ and M 2 = 0.75 M ⊙ (see Figure 7) ; here the luminosities are given as L 1 = 2.15 L ⊙ and L 2 = 0.36 L ⊙ . The habitable regions are calculated for the GHZ. The overall approach is to place the two stellar components at different separation distances, i.e., with the major axis 2a b considered the independent variable, and to assess resulting domains of habitability. The systems are evaluated for fixed values of binary eccentricity, given as e b = 0.0, 0.25, 0.5, and 0.75, respectively.
Regarding P-type orbits, it is found that increased values of binary eccentricity affect the widths of the RHZs as well as the maximum value of the major axis 2a b , for which P-type RHZs can exist. This type of behavior is found for both the equal-mass and the nonequalmass system. For the equal-mass binary system (see Figure 6 ), the width of the RHZ at 0.05 AU (a distance where also the orbital stability criterion is readily met) is given as 1.20, 1.16, 1.11, and 1.06 AU for models of e b = 0.0, 0.25, 0.5, and 0.75, respectively. For the nonequal-mass binary system (see Figure 7 ), the width of the RHZ at 0.05 AU is identified as 0.91, 0.82, 0.74, and 0.67 AU, respectively. These results show that higher values of e b entail smaller widths of the RHZ and that for given values of e b , the width of the RHZ is noticeably smaller in the nonequal-mass system than in the equal-mass system, even though the latter has a higher combined stellar luminosity (L 1 + L 2 ).
Regarding the orbital stability limit, which for P-type orbits constitutes a lower limit (see Section 2.2), the following behavior is found: If the major axis of the stellar components is increased, the limit moves inward, which is found for both the equal-mass and the nonequalmass system (see Figure 6 and 7, respectively). Therefore, the stellar separation distance must be relatively small for the full width of the RHZ to be available for P-type habitability. For models of increased values of e b , the requirement of stellar proximity becomes more rigorous; not that this more-stringent requirement corresponds to a larger slope of the orbital stability cut-off line. In the eight examples given in Figures 6 and 7, there are also domains of PT-type habitability, i.e., where some, but not all, of the P-type RHZ is available for circumbinary habitability; however, they are relatively small, if not minuscule. Thus, in other words, irrespective of the system's eccentricity, for small binary separation distances 2a b , the habitable region is mostly characterized as P-type instead of PT-type, because the full width of the RHZ is available for providing habitability.
S-type RHZs are also influenced by the eccentricity of the binary system, though the effects are relatively minor. For binary systems with a major axis of 2a b = 15 AU, the following behavior occurs. For the equal-mass system of Figure 6 , RHZ in changes from 0.930 to 0.985 AU, and RHZ out changes from 1.843 to 1.836 AU if the system's eccentricity is increased from 0.0 to 0.75. Furthermore, for the nonequal-mass system of Figure 7 , RHZ in changes from 1.209 to 1.234 AU, and RHZ out changes from 2.341 to 2.338 AU if the system's eccentricity is increased from 0.0 to 0.75. Hence, the width of the RHZ for the equal-mass system decreases from 0.91 to 0.85 AU, whereas the width of the RHZ for the nonequal-mass system decreases from 1.13 to 1.10 AU between the circular case and e b = 0.75. Thus, increased values of eccentricity reduce the width of the RHZs for S-type systems as well. However, it is also found that the width of the RHZ in the nonequal-mass binary system is consistently higher than in the equal-mass binary system owing to the influence of L 1 .
Regarding the orbital stability limit, which for S-type orbits constitutes an upper limit (see Section 2.2), the following behavior is identified: If the major axis of the stellar components is increased, the orbital stability limit moves outward. Therefore, the stellar separation distance must be relatively large for the full width of the RHZ to be available for S-type habitability. For models of increased values of e b , the requirement of a sufficiently large stellar separation distance is highly rigorous; S-type habitability is only available for relatively large 2a b values. In Figures 6 and 7 , the more-stringent requirement of orbital stability for larger values of e b amounts to a decrease in the slope of the orbital stability cut-off line.
The effect of the system's eccentricity on its ability to provide S-type habitable regions is remarkable. For e b of 0.0, 0.25, 0.5, and 0.75, S-type habitability occurs at minimum major axes of 13.5, 19.1, 31.1, and 74.5 AU, respectively, for the equal-mass system (see Figure 6 ) and at 14.8, 21.2, 35.1, and 84.9 AU, respectively, for the nonequal-mass system (see Figure 7) . Higher values of the system's eccentricity also imply larger domains of STtype habitability, i.e., domains where not the full width of the S-type RHZ constitutes a possible region of circumstellar habitability. If e b is increased from 0.0 to 0.5 or 0.75, the domains of ST-type habitability change from 6.6 to 15.2 or 36.5 AU for the equal-mass system and from 7.2 to 16.9 or 41.0 AU for the nonequal-mass system. The reason for this pattern is that in systems of high eccentricity, the stars are in relatively close proximity at their periastron positions, which reduces both the S-type and ST-type habitable regions due to the orbital stability requirement. Considering major axes of 2a b = 15 AU for the four equal-mass systems as well as the four nonequal-mass systems studied here, S-type and ST-type habitability are found for one system each, whereas the case of no habitable region is encoutered for two systems each.
In summary, it is found that increased values of binary eccentricity affect the RHZs (though the change in S-type RHZs is very minor) and pose a highly unfavorable impact on the domains of orbital stability for possible system planet. These findings apply to both Stype and P-type habitability. Moreover, higher values of binary eccentricity also entail larger domains of 2a b , where neither S/ST-type nor P/PT-type habitable regions exist. Additional case studies for S-type and P-type systems are given in Section 3.3 and 3.2, respectively. Our focus will be systems of different combinations of M 1 and M 2 and, by implication, L 1 and L 2 , to evaluate the zones of circumstellar and circumbinary habitability.
Case Studies of P/PT-type Habitability
In the following, we present case studies pertaining to P/PT-type habitability. Owing to the many possible sets of parameter combinations, encompassing the stellar major axis 2a b , the binary eccentricity e b , and the stellar masses M 1 and M 2 , it will not be feasible to provide a fully comprehensive analysis. However, it will be possible to focus on various cases, selected for tutorial purposes, by using 2a b = 0.5, 0.75, and 1.0 AU. Moreover, some intriguing aspects will be targeted such as (1) the study of main-sequence stars of different masses, i.e., between 1.25 and 0.50 M ⊙ , (2) the extent and position of the RHZs in the various models, as well as the impact of the planetary orbital stability requirement, and (3) the critical value of e b , below which-depending on the model-P/PT-type habitable regions are able to exist.
Akin to Paper I, we concentrate on systems of main-sequence stars; see Table 1 for information on the stellar parameters. One of our goals is to inspect the values for RHZ in and RHZ out at the stellar periastron and apastron position, i.e., a per and a ap , respectively, to obtain additional data to justify the method adopted for calculating the RHZs (see Section 2.1). We also include systems of low-mass / low-luminosity stars, corresponding to stellar types K and M, which is motivated by their relatively high abundance (i.e., up to about 90%), owing to the skewness of the Galactic initial mass function (e.g., Kroupa 2001 Kroupa , 2002 Chabrier 2003) . Our results are depicted in Table 4 to 8. Table 4 and 5 convey results for equal-mass binary systems of M 1 = M 2 = 1.0 M ⊙ regarding both the CHZ and GHZ, respectively, for 2a b = 0.5, 0.75, and 1.0 AU for different eccentricities of the binary components. Data are given for both the RHZ (see column "Orbit") and the orbital stability limited denoted as a cr . It is found that for both the CHZ and GHZ, the RHZ in and RHZ out significantly depend on the system's eccentricity e b with 2a b assumed to be fixed. Specifically, RHZ in increases and RHZ out decreases as functions of e b . Hence, for any system with a prescribed value for 2a b , the RHZs narrow if e b is increased.
For the CHZ (Table 4) For 2a b = 1.0 AU, the width of the RHZ for e b = 0.0 is given as 0.36 AU; however, no RHZ is found beyond e b = 0.64, owing to the fact that the inner and outer RHL intersect. The planetary orbital stability limit a cr , constituting a lower limit for circumbinary habitability, is relatively small. Therefore, if the CHZ-RHZs exist, which occurs for most values of e b , P-type habitable regions are realized. For the GHZ (Table 5) As expected, in all of these models, the GHZ is consistently wider than the CHZ. Moreover, P-type habitability is identified in all models, except beyond e b = 0.41 for 2a b = 1.0 AU, where PT-type habitability occurs. For e b = 0.8 and 2a b = 1.0 AU, the width of the RHZ is given as 0.55 AU, whereas the width of the PT-type HZ is given as 0.39 AU due to truncation. Table 6 and 7 convey results for nonequal-mass binary systems of M 1 = 1.25 M ⊙ and M 2 = 0.75 M ⊙ . We again focus on both the CHZ and GHZ for 2a b = 0.5, 0.75, and 1.0 AU for different eccentricities of the binary components. Again, regarding both the CHZ and the GHZ, respectively, the RHZ in and RHZ out significantly depend on e b ; i.e., RHZ in increases and RHZ out decreases as a function of e b , entailing that the RHZs narrow with increasing values of e b . This feature has profound consequences for our models; particularly, for 2a b = 0.75 AU, no habitable regions exist for systems of e b > 0.29 pertaining to the CHZ. Moreover, no habitable regions exist for systems of 2a b = 1.0 AU regardless of the eccentricity of the binary components, including systems with the stars in circular orbits.
Regarding the GHZ, a different type of picture emerges. Here, P-type habitability is identified for the nonequal-mass system previously studied, irrespective of e b . However, the P-type HZ critically narrows as a function of e b . The width of the RHZ between e b = 0.0 and 0.8 changes from 0.91 to 0.66 AU in systems of 2a b = 0.50 AU, from 0.74 to 0.38 AU in systems of 2a b = 0.75 AU, and from 0.60 to 0.09 AU in systems of 2a b = 1.0 AU. Furthermore, owing to the orbital stability limit, which constitutes a lower limit, the kind of habitability identified is P-type rather than PT-type. Comparing our findings for the nonequal-mass binary system to the results obtained for the equal-mass binary system indicates that circumbinary habitable regions (if existing) are much narrower in nonequal-mass compared to equal-mass systems, a result in alignment with the discussion of Section 2.3.
Another approach to demonstrate the impact of the binary eccentricity e b on the domains of P/PT-type habitability is to evaluate the quantities %RHZ and %HZ for the various models. %RHZ denotes the relative size of the RHZ for a given set of models with the special case of e b = 0 set as 100 (see Tables 4 to 7) . Moreover, %HZ denotes relative size of the HZ. In the absence of restrictions due to the orbital stability constrait, %RHZ and %HZ are identical; otherwise, %HZ is smaller than %RHZ. For a distinct type of model, defined by a given value of 2a b , the choice of CHZ or GHZ (with the EHZ disregarded in the following), and the stellar masses M 1 and M 2 , it is found that both %RHZ and %HZ decrease with increasing values for e b .
The results provided by the Tables 4 to 7 allow us to assess for which type of models the decrease in %RHZ and %HZ for increasing values of e b is most severe. In conclusion, it is found that the decrease is most severe for relatively large values of 2a b , if the CHZ considered instead of the GHZ, and for unequal-mass systems compared to equal-mass systems if (M 1 + M 2 ) remained unaltered. With e b = 0.5 taken as an instructive example, the results of our models read as follows: For the CHZ and regarding 2a b = 0.5, 0.75, and 1.0 AU, %RHZ is given as 85, 64, and 24, respectively. Furthermore, there is also no difference between %RHZ and %HZ, as for those models the habitable regions are consistently identified as P-type. Regarding the GHZ, %RHZ is identified as 93, 84, and 73, respectively. However, the model for 2a b = 1.0 AU is identified as PT-type; hence, %HZ is found as 68, which is smaller than %RHZ. Table 8 lists the results for e b (crit.), defined as the maximum value of e b for a given system, classified by 2a b , M 1 , and M 2 , for which a habitable region can still be identified. Note that e b (crit.) has been evaluated in increments of 0.01, except when it was identified as below 0.01. In this case, increments of 0.001 were used. Regarding P/PT-type systems, the absence of habitable regions is either due to the intersect between RHL in and RHL out (see Equation 9), or because the planetary orbital stability requirement is violated. Table 8 shows that for most systems of 2a b = 0.5 AU studied, the choice of e b presents little hindrance for the occurrence of circumbinary HZs. Exceptions include, however, some cases of low-mass stellar systems, especially systems of M 2 = 0.50 M ⊙ . If the GHZ is assumed instead of the CHZ, the number of cases without P/PT-type habitability is further reduced. For the majority of models studied with major axes of 0.5 AU, it is found that 0.8 ≤ e b (crit.) < 1. Furthermore, for models with major axes of 1.0 AU, e b (crit.) is often identified as relatively small, or, alternatively, circumbinary habitability is absent altogether. Especially if the CHZ is considered rather than the GHZ, circumbinary habitability is highly restricted. The only exception is the case of M 1 = M 2 = 1.25 M ⊙ , where in the framework of our model no restriction for e b has been identified. Figure 8 provides a summary of P/PT-type habitability for several equal-mass and nonequal-mass binary systems by displaying the widths of the respective HZs. It is found that for 2a b = 0.5 AU, the impact of e b on the size of the circumbinary HZs is not very large for most systems. However, 2a b = 1.0 AU, the situation is notably different, also taking into account that for many cases circumbinary HZs can be found, especially for cases of intermediate or high values of e b . Moreover, Figure 8 also displays the widths of the EHZ for a selected number of cases. Here it is found that in many cases, the extent of the EHZ exceeds that for the GHZ by about a factor of 2, irrespective of the value adopted for e b .
Case Studies of S/ST-type Habitability
In the following, we describe results pertaining to S-type and ST-type habitability. Akin to Section 3.2, we again consider systems of main-sequence stars; see Table 1 for information on the stellar parameters. We also inspect the values for RHZ in and RHZ out at the stellar periastron and apastron position, denoted as a per and a ap , respectively, to provide additional verification for the method of calculating the RHZs for e b > 0 (see Section 2.1). Particularly, we include systems of low-mass / low-luminosity stars owing to their relatively high abundance; see Table 9 to 11 for a depiction of our results. Additional studies, including systems with binary masses of 0.65 M ⊙ , were given by Cuntz & Bruntz (2014) . These studies are based on the same rigor and limitations as considered in Paper I and II. Table 9 conveys results for equal-mass binary systems of M 1 = M 2 = 1.0 M ⊙ regarding both the CHZ and GHZ for 2a b = 20 AU for different eccentricities of the binary components. Information is given regarding both the RHZ (see column "Orbit") and the orbital stability limited denoted as a cr . It is found that regarding both the CHZ and GHZ, the RHZ in and RHZ out are only very weakly dependent on e b except for cases beyond e b ≃ 0.65, which are however of little interest because those cases lack habitability due to the orbital stability requirement. Thus, generally, the RHZs extend from 1.05 to 1.50 AU for the CHZ and from 0.93 to 1.84 AU for the GHZ. The orbital stability limit, which constitutes an upper limit, moves inward as a function of the binary eccentricity, starting at 2.74 AU for the circular case and taking values of 1.77 and 0.90 AU at e b = 0.30 and 0.60, respectively. Therefore, for the CHZ, S-type habitability is obtained at eccentricities below 0.39, and ST-type habitability is obtained at eccentricities below 0.54; the latter value is again referred to as critical value of e b (see also Table 11 ). Moreover, for the GHZ, S-type and ST-type habitability occurs below eccentricities of 0.28 and 0.59, respectively. Table 10 conveys results for nonequal-mass binary systems of M 1 = 1.25 M ⊙ and M 2 = 0.75 M ⊙ . It is again found that for both the CHZ and GHZ, the RHZ in and RHZ out are barely dependent on e b except for cases beyond e b ≃ 0.65, which again are of little interest because they lack habitability due to the orbital stability requirement. It is found that the RHZs extend from 1.37 to 1.90 AU for the CHZ and from 1.21 to 2.34 AU for the GHZ. The orbital stability limit, which constitutes an upper limit, moves inward as a function of the binary eccentricity, starting at 3.22 AU for the circular case and taking values of 2.02 and 1.01 AU at e b = 0.30 and 0.60, respectively. Compared to the previous case of the equalmass binary system, both the RHZ-CHZ and the RHZ-GHZ are broader and are at a larger stellar distance due to the higher value of L 1 , i.e., 2.15 L ⊙ versus 1.23 L ⊙ . For the CHZ of the nonequal-mass system, S-type habitability is identified at eccentricities below 0.33, and ST-type habitability is obtained at eccentricities up to 0.49. Furthermore, for the GHZ, S-type and ST-type habitability exists up to eccentricities of 0.21 and 0.54, respectively. For some of the systems, information is also given regarding the CHZ and EHZ. The finding for the various models is that between the circular case of e b = 0 up to a distinct value of e b , the widths of the HZs are constant (S-type habitability); thereafter, they decrease linearly as a function of e b (ST-type habitability). Finally, for each model, the critical value of e b is found. Beyond that value, no habitable region exists. Figure 9 and Table 11 allow for the identification of general properties of systems with different combinations of masses and, by implication, luminosities of the stellar components. The findings include that in models of low eccentricity, i.e., e b ≃ 0, the widths of the HZs are largely determined by the luminosity of the stellar primary, which means that the higher its luminosity the larger is the resulting HZ. This result is valid for the CHZ, GHZ, as well as the EHZ. In the absence of truncation imposed by the orbital stability limit, the widths for the EHZs are largest and the widths for the GHZs and CHZs are respectively smaller, as expected.
The width of the S-type habitable region is largest for systems where the stellar primary possesses the greatest luminosity. However, these systems are also characterized by relatively low critical values of e b owing to highly efficient truncation of the RHZ due to the orbital stability limit because of the primary's relatively high mass. Conversely, for systems of low luminosity, relatively high numbers for the critical value of e b are obtained. Even though the S/ST-type habitable zones have small widths in most of those systems, habitability is still possible for systems of high eccentricity. For example, for systems of M 1 = 1.25 M ⊙ and M 2 = 0.75 M ⊙ with 2a b = 20 AU, the critical values for the eccentricity of the binary components are given as 0.49 and 0.54 for the CHZ and GHZ, respectively. However, for systems of M 1 = M 2 = 0.75 M ⊙ , the critical values of e b are given as 0.72 and 0.74, respectively. Moreover, for equal-mass systems of 0.50 M ⊙ , the critical values of e b are larger than 0.80, which is the upper limit for e b considered in our study; see Table 11 and the work of Cuntz & Bruntz (2014) for additional results.
For 2a b = 20 AU, we again studied the domains of the quantities %RHZ and %HZ for the various models. %RHZ denotes the relative size of the RHZ for a given set of models with the special case of e b = 0 set as 100 (see Tables 9 to 10 ). Furthermore, %HZ denotes the relative size of the HZ, which contrary to the %RHZ also takes into account the orbital stability constraint; see Section 3.2 for results on the P/PT-type habitable regions. According to the model calculations-as-pursued, it was found that the decrease in the %RHZ for increasing values of e b is very small. Regarding the 18 models for the equal-mass binary of M 1 = M 2 = 1.0 M ⊙ , obtained with respect to the CHZ and GHZ, it is found that for 10 models, the reduction in the RHZ is less than 1%, and for 14 models, it is less than 2%. Nevertheless, for relatively high values of e b , the reduction in the %HZ is highly notable due to the impact of the orbital stability constraint.
Regarding the 18 models for the nonequal-mass binary system given as M 1 = 1.25 M ⊙ and M 2 = 0.75 M ⊙ , the following behavior was identified. Here the reduction of the RHZ is even less significant than in the equal-mass system previously discussed. In fact, regarding the 18 models considered, the RHZ is reduced by 1% or less in 15 models, and by 2% or less in 17 models. This result is due to the the lower luminosity of the secondary star compared to the previous system. However, the impact of the orbital stability constraint in the nonequal-mass system is much more severe than in the equal-mass system previously discussed, as communicated by the numerical values of %HZ. Regarding the CHZ and GHZ, habitable regions are rendered impossible for eccentricities beyond 0.49 and 0.54, respectively (see Table 11 ).
Finally, we also compared systems of different major axes, specifically 2a b = 15 AU and 2a b = 20 AU. It was found that the widths of the HZs, especially for models of low eccentricity, were largely unaffected by the value of binary major axis; however, the critical values of e b were still influenced by the choice of the major axis. These results are also consistent with the analysis of Figures 6 and 7 (see Section 3.1), which consider systems of different major axes 2a b . In those systems, the S-type RHZs were found to be largely independent of the values of the major axes; however, in systems of high eccentricity, habitability has been highly restricted or nullified due to the planetary orbital stability requirement.
SUMMARY AND CONCLUSIONS
The method as described allows the calculation of S-type and P-type habitable zones in stellar binary systems. P-type orbits occur when the planet orbits both binary components, whereas in the case of S-type orbits, the planet orbits only one of the binary components with the second component considered a perturbator. The selected approach considers a variety of aspects including: (1) besides simple cases, the treatment of nonequal-mass systems and systems in elliptical orbits; this latter aspect is a significant augmentation of the methodology given in Paper I; (2) the consideration of a joint constraint, including orbital stability and a habitable region for a possible system planet through the stellar radiative energy fluxes; (3) the provision of a combined formalism for the assessment of both S-type and P-type habitability; in particular, through the solution of a fourth-order polynomial, mathematical criteria are employed for the kind of system in which S-type and P-type habitability is realized, an approach in alignment with that of Paper I.
If the RHZs are truncated by the additional constraint of orbital stability, the notation of ST-type and PT-type habitability is used. In comparison to the circular case, it is found that in systems of higher eccentricity, the domains of the RHZs are significantly reduced. Furthermore, the orbital stability constraint also impacts S-type and P-type habitability, in an unfavorable manner; this latter aspect is particularly relevant to the overall context of astrobiology. Nonetheless, S-, P-, ST-, and PT-type habitability is identified for a considerable set of system parameters. Compared to Paper I, which was focused on the circular case, a modest modification of the method allows for the consideration of elliptical orbits, entailing a significantly augmented range of applicability for the proposed method.
It is beyond the scope of this work to present a comprehensive parameter study. Besides the choice of the appropriate type of HZ, the system parameters for standard main-sequence stars (see Table 1 ) pertaining to our model include the major axis 2a b , the eccentricity of the binary components e b , and the stellar luminosities L 1 and L 2 , or alternatively, the stellar masses M 1 , and M 2 . In the case of general stars, include subgiants and giants, the set of parameters would be further enlarged due to the lack of a universal mass-luminosity relationship. Selected results for low-mass main-sequence star binary systems have previously been given by Cuntz & Bruntz (2014) .
It is found that an increased value for the eccentricity in stellar binary systems results in an adverse influence both regarding the RHZs and the orbital stability of possible system planets. For the latter, it is found that for P-type habitability, the limits of orbital stability move inward, and for S-type habitability, the limits of orbital stability move outward, thus potentially reducing the size of habitable regions for, respectively, circumbinary and circumstellar planets. Restrictions due to the orbital stability criterion are especially significant for S-type habitability for systems in highly elliptical orbits, since at the periastron position large segments of the RHZs are nullified. However, restrictions due to limited orbital stability in systems of highly elliptical orbits are less relevant regarding P-type habitability; in this case the most influential factor is given by the distribution of luminosity between the stellar components. As discussed in Paper I, highly unequal distributions of luminosity often entail small or nonexisting RHZs.
Our studies also show that increased eccentricities for the stellar binary components lead to smaller widths of the HZs, as well as the lack of existence of HZs for relatively large values of e b . In order to nonetheless offer some degree of habitability for systems in notably eccentric orbits, the finding places extra weight on previous studies, which show that under distinct conditions (e.g., relatively thick planetary atmospheres, distinct types of planetary atmospheric compositions) exoplanets are able to leave the RHZs without forfeiting habitability. For example, Williams & Pollard (2002) argued-based on 3-D general-circulation climate models and 1-D energy balance models aimed at examining Earth-type planets on extremely elliptical orbits near the HZ-exoplanets, as well as exomoons hosted by Jupitertype planets (e.g., Heller 2012; Heller et al. 2014) , will be able to harbor life even when undergoing excursions beyond the HZ. The reason is that in the framework of their models, long-term climate stability depends primarily on the average stellar flux received over an entire orbit, rather than the length of time spent within the HZ.
As previously discussed, a second criterion-besides the existence of the RHZs-for facilitating habitability consists in the orbital stability requirement. This criterion has heightened relevance compared to the radiative criterion because evidently "there is no way of escaping gravity" as due to system conditions, gravity-imposed planetary orbital instabilities may occur. Our present study employs the stability limits given by Holman & Wiegert (1999) . They are based on numerical simulations for test particles able to survive 10 4 binary orbits. Considering the need for detailed habitability studies based on timescales of up to several billions of years, as implied by terrestrial biology, it appears appropriate to update the previous work of Holman & Wiegert based on significantly elongated timescales. An expected outcome of this type of investigation will be updated stability limits for both P-type and S-type orbits, which will likely be more stringent than currently attained.
Based on existing studies and tools given in the literature, future studies should include: (1) how limits of habitability (i.e., s ℓ ; see Section 2.1) depend on the properties of the planet itself, such as planetary atmosphere, geodynamics, rotation rate, and mass; see, e.g., Von Bloh et al. (2009 ), Seager (2013 , Leconte et al. (2013) , Zsom et al. (2013) , Kopparapu et al. (2013 , 2014 ), and Yang et al. (2014 , (2) models of binary systems where the component undergoes significant time-dependent evolution, and (3) models where the orbit of the terrestrial planet is misaligned with the orbital plane of the stellar binary components. This latter aspect is motivated by ongoing discoveries, including the detection of misaligned protoplanetary disks in the young binary system HK Tauri (Jensen & Akeson 2014) . In this case, it is found that the disks are misaligned by 60
• to 68
• , such that one or both of the disks are significantly inclined to the binary orbital plane. Any future system planet will thus most likely result in a highly eccentric as well as inclined orbit. Such outcomes will pose a serious challenge to the calculation of both RHZs and orbital stability limits needed for future investigation of S-and P-type habitability.
This work has been supported in part by NASA's Goddard Space Flight Center. The author acknowledges comments by Robert Bruntz and Billy Quarles as well as assistance by Satoko Sato and Zhaopeng Wang with computer graphics. He also wishes to draw the reader's attention to the online code BinHab, hosted at The University of Texas at Arlington (UTA), which allows the calculation of habitable regions in binary systems based on the developed method. α ϕ RHZs of Equal Masses: P−type RHZs of Unequal Masses: P−type RHZs of Equal Masses: S−type RHZs of Unequal Masses: S−type The cyan dashed line indicates the P-type orbital stability limit, whereas the violet dashed line indicates the S-type orbital stability limit. Note that the P-type orbital stability limit constitutes a lower limit, whereas the S-type orbital stability limit constitutes an upper limit; thus, the available ranges of habitability within the RHZs are indicated as red-hatched and blue-hatched areas, respectively. Hence, P-type habitability is attained in the range beneath the P intersection point, PT-type habitability between the intersection points P and PT, STtype habitability between the intersection points ST and S, and S-type habitability beyond the S intersection point. No habitability is found between the intersection points PT and ST. For e b = 0.50, the intersects of ST and S are given as 15.9 and 31.1 AU, whereas for e b = 0.75, they are given as 38.0 and 74.5 AU, respectively. 
Note. -The case of ℓ = 3 depicts an Earthequivalent position denoting a planetary reference distance without the consideration of eccentricity. Tables 5, 6 , 7, 9, and 10, the data for aper and aap are given in high precision for tutorial reasons. 
